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Power-law relationships appear to characterize many
patterns observed in ecology, from the level of individu-
als to the level of ecosystems (Calder 1984, Gaston and
Blackburn 2000). These power laws often hold over
scale ranges sufficiently large to justify the search for a
unifying theoretical framework explaining the relation-
ship between these patterns. A promising avenue for
discovering such a framework is the exploration of the
fractal properties from which these power laws derive
and their implications for other ecological characteris-
tics. In this vein, Harte and Kinzig (1997) and Harte et
al. (1999a) studied the fractal property behind a power-
law species-area relationship and its implications for
other species distribution characteristics.

In a recent paper published in Oikos, Lennon et al.
(2002) claim that in order to derive a power-law
species-area relationship from fractals in the distribu-
tion of species, Harte et al. (1999a) assumed that indi-
vidual species distributions are fractal and that all
species patterns have the same fractal dimension D.
Inspired by empirical evidence that indicates that frac-
tal dimension tends to vary between species, they then
show that in this more realistic case of varying D, the
species-area relationship does not follow a power law.
Hence Lennon et al. (2002) conclude that, despite Harte
et al. (1999a) derivation of the power-law species-area
relationship from fractals, a fractal distribution of spe-
cies is not what produces power-law species-area rela-
tionships in nature.

We show here the misleading error in Lennon et al.’s
(2002) critique. Harte et al. (1999a) did not derive the
power-law species-area relationship from fractals at the
‘species-level’, but rather from a ‘community-level’ frac-
tal property that can hold without the presence of
‘species-level’ fractals. Furthermore, this community-
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level fractal property holds in any region where the
power-law species-area relationship holds (Harte and
Kinzig 1997). Hence this community-level fractal prop-
erty must be what produces power-law species-area
relationships in nature — it is equivalent to it. Lennon
et al. are correct that if the species-level fractal property
holds for each species in a community, a power-law
species-area relationship will result only if the fractal
dimension is constant across species. This result was
found previously in Harte et al. (2001), where the
overall degree of compatibility between the community-
level and species-level fractal properties was derived.
However, as Harte et al. (2001) showed, the commu-
nity-level fractal property and hence the power-law
species-area relationship can exist either if the fractal
dimension is constant across species, or if some individ-
ual species distributions are not fractal on their own.
This does not rule out the possibility that species-level
fractals are important in nature. Below we provide a
detailed analysis of these issues.

Equivalence of a community-level fractal and
the power-law species-area relationship

A fractal is a geometric object that is self-similar,
meaning it can be thought of as a set of consistently
rescaled copies of itself (Addison 1997). Most fractals
in nature are ‘“‘statistical” and “finite”, meaning that
they are not made up of exact copies of themselves, but
rather their average properties are self-similar over
some finite scale range. Fractal objects are described as
‘scale-invariant’ in the sense that they look the same
when one “zooms in” or ‘“zooms out” on them, i.e.
when one looks at them on a smaller or larger scale.
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Scale invariance is the fundamental property behind all
power laws, meaning relationships of the form Y oc M®.
In particular, if a doubling of M leads to a Y that is 2°
times as large, no matter what value, or scale, of M you
start with, the relationship between Y and M will
follow the power law Y oc M®. Hence there is an inti-
mate relationship between power laws and fractals.
Power laws observed in nature can often be equated to
self-similarity properties (also called “fractal” proper-
ties) that are useful for understanding the power law’s
causes and connections with other observed
phenomena.

By building on work in Harte and Kinzig (1997),
Harte et al. (1999a) showed that the often observed
power-law relationship between the mean number of
species present in a patch, S, and the area of that patch,
A, written as S=cA?% can be equated to a fractal
property of the distribution of species. In particular, it
can be equated to a community-level fractal property
that is different from the species-level fractal property
discussed by Lennon et al. (2002). The species-level
fractal property is instead equivalent to a power-law
relationship between the box-counting measurement of
a species’ range R, and the area of the box used to
measure it, A, written as R = CAY (Harte et al. 2001).
In this section, we define the community-level fractal
property and provide a more detailed version of the
Harte and Kinzig (1997) as well as the Harte et al.
(1999a) proof of its equivalence to the power-law spe-
cies-area relationship. Hence we provide a detailed
explanation of why Lennon et al. were incorrect in
concluding that a fractal distribution of species is not
what produces power-law species-area relationships in
nature.

First we define the community-level fractal property.
Consider a region of contiguous habitat of area A, and
the set of species within a broadly defined taxonomic
group, or “community”, such as ‘birds’ or ‘plants’. Let
A; = Ay/2! be the area of patches that are obtained from
the region A, through i bi-sections. Consider a patch
randomly chosen from those of size A, _, that are
located within A, and a species randomly chosen from
the list of species that are present in that patch. We
assume that nothing else about that species (such as its
abundance) is known, and define a; to be the probabil-
ity that this species is also present in a particular one of
the two patches of area A, contained in the chosen
A, _;-sized patch. The distribution of species is fractal
at the community-level if a; is independent of i, i.e. if
a; = a for all i. We refer to a; as the “community-level
self-similarity parameter”’. This condition makes the
distribution of species a fractal because it means that
“species occurrences” are on average distributed the
same way at small and large scales and hence that the
distribution of species is, on average, self-similar. By a
“species occurrence’ at the i — 1 scale, we simply mean
an instance of a species being present in a patch of area
AL
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Note that the community-level self-similarity proba-
bility a; is applicable to a species occurrence at the i — 1
scale that is drawn at random from all such species
occurrences within A,. If there are 2! ~! patches of size
A;_, in A,, there will be 21—! x S;_, species occur-
rences at the i — 1 scale in A,, where S;_, is the mean
species richness in patches of size A;_; within A,. The
probability a; may or may not accurately describe non-
randomly selected sub-sets of these 21! x S; | species
occurrences, such as all of the occurrences of just one
particular species.

We now explain how to measure the probability a;
from species distribution data, a concept that will be
the key to demonstrating the equivalence of this com-
munity-level fractal property and the power-law spe-
cies-area relationship. Recall from probability theory
that the probability of an event is measured as follows:

the probability of an event

_ the number of trials for which the event happens

the total number of trials

(D

In measuring the community-level self-similarity
parameter a;, there are two trials for every species
occurrence at the i — 1 scale (one for each A; within the
A, _, where the presence occurs). Hence in a region of
area A,, the total number of trials is equal to 2 x
2i—1 xS, ,, where, as mentioned above, 21~1 x S; ,is
the number of species occurrences at the i — 1 scale.
The event whose probability we are measuring happens
for every species occurrence at the i scale. Hence the
number of trials for which the event happens is 2~ ! x
S;. Following Eq. (1), a; can therefore be estimated
from species distribution data as

2i xS, S,
— : i - 2
My Txs | S, @

i.e. it is the ratio of the mean species richness at the i
spatial scale to the mean species richness at the i—1
scale. We call the distribution of species fractal at the
community-level if this measured ratio is approximately
constant with scale i.

We now show that the community-level fractal prop-
erty we've defined is equivalent to the power-law spe-
cies-area relationship, i.e. that the existence of the
fractal property implies that the power-law species-area
relationship holds, and that the converse is also true.
We begin by assuming that the power-law species-area
relationship holds within a region of area A,. Given
this assumption, the mean species richness of a broad
taxonomic grouping, S;, across all patches of size A
within A, is given by

S, = cA? (3)
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where ¢ and z are constants that may vary across
taxonomic groupings (Rosenzweig 1995). We can now
measure a; at each scale i, and determine if it will be
constant with i in this situation. Substituting this ex-
pression for the mean species richness into Eq. (2), we

obtain
CA? A2\
= =% | =2-> 4
; m%.(%w‘ @

Eq. (4) says that for all i, a; = a, where a =2~ “defines
a. It says that a; is independent of i for a region in
which the power-law species-area relationship holds.
Hence the community-level fractal property holds
within a region given that the power-law species-area
relationship holds within it.

Now, in order to prove the converse, we instead
assume that the community-level fractal property holds
within a region of area A,. That is, we assume that
a;=a for all i, where a; is the community-level self-
similarity parameter and a is simply some constant that
we will later relate to z. We return again to Eq. (2). By
inverting this equation and using the community-level
fractal property, we find that S;=aS;_, for all i, and
hence

S, = a'S, Q)

We can write a' in terms of the patch size A, as follows

i __ niloga(a) _ — i\ — loga(a) __ Ai ~los@
al=2 =27 =5 (6)
0.

Plugging Eq. (6) into Eq. (5), we obtain

Ai — loga(a)
S =S 5 ™
0

which is just a power-law species-area relationship like
that in Eq. (3), with z= —log,(a) and c=Sy/(Ay)".
Hence the power-law species-area relationship holds
within a region given that the community-level fractal
property holds within it, and we have shown that these
two properties are equivalent. A community-level frac-
tal must be what produces power-law species-area rela-
tionships in nature, because it is mathematically
equivalent to the power-law.

The degree of compatibility of community
and species-level fractals

In this section we provide a more detailed and general
version of the Harte et al. (2001) derivation of the
degree of compatibility of community and species-level
fractals. We begin by defining the species-level fractal
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property and describing how the species-level version of
the self-similarity parameter is measured.

The species-level fractal property considered by
Lennon et al. (2002) and Harte et al. (2001) is defined
in an analogous way to the community-level fractal
property, but has to do with the distribution of each
particular species, rather than a species chosen at ran-
dom from those present in a given patch. Once again
consider a region of area A, and the patches of area
A; = Ay/2 that are obtained from A, upon i bi-sections.
For species-level self-similarity, at every spatial scale i
there is a set of probabilities {o;}, where each member
of the set characterizes the statistical properties of the
spatial distribution of a particular species as follows.
For a particular species, let o; be the probability that if
it is found in a randomly chosen patch of area A; |,
then it is found in a particular one of the two patches
of area A; contained in the chosen A;_-sized patch.
The distribution of a species is self-similar, or fractal, at
the species-level if the o; for that species is independent
of i, i.e. if o; = o for all i. Note that the constants o; can
differ from species to species, and that species-level
self-similarity may hold for some species within a com-
munity but not others. For each species, we refer to its
o; as its “species-level self-similarity parameter”.

In measuring the species-level self-similarity parame-
ter o; for a particular species, there are two trials for
every instance of a presence of that species in a patch of
area A; (one for each A;_, within that A;). Hence in a
patch of size A,, the total number of trials is equal to
2 x W;_, where W, _, is the number of patches of size
A, _, within A, that the species is present in. The event
happens for every instance of a presence of the species
in a patch of size A;, and hence the number of trials for
which the event happens is simply W,. Following Eq.
(1), o; can be estimated from species distribution data
as

W, (Ri/A)) R,
o, = = =
C2x Wi 2x(Ri_y/A L) R,

®)

where R; is the box-counting measurement of a species-
range, which we’ll subsequently refer to simply as the
“range size”’, made using a box of area A;. By definition
R; is equal to W; x A;. We call the distribution of the
species in question fractal if the measured ratio of a
species’ range size at adjacent scales i and i—1 is
approximately constant with scale i. Using Eq. (8) and
a sequence of steps analogous to those in the proof in
the previous section, one can show (Harte et al. 2001)
that the species-level fractal property is equivalent to
the power-law relationship between a species’ range
size, and the area of the box used to measure it, i.e. a
“range-area’ relationship of the form

R, = CAY Q)
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where y’ is a constant that can vary across species and
a=2"Y. As Lennon et al. (2002) explained, the self-
similarity parameter o can be related to the box-count-
ing measure of the fractal dimension D of the species
by D =2(1 + log,(a)).

Paralleling Harte et al. (2001), we now derive a
general relationship between the community-level self-
similarity parameter a; and the species-level self-similar-
ity parameters {o;}, and from it infer the degree of
compatibility of the community-level fractal and spe-
cies-level fractals. We will need the following expression
for the mean species richness at scale i, S;, in terms of
the box-counting measure of range for each of the
species at scale i, the {R;}:

Y.(# of species in A;,)

S;i=2L .
1 21

Y(# of A species k is in) YW, YR,
K _k _ K

2 2i A,

Ry

T SA,

(10)

In Eq. (10), p labels the 2! different patches of area A;
within A, k labels the S, species that are present in A,
and ) indicates an average over those S, species. The
first equality in Eq. (10) is simply from the definition of
the mean species richness. The second equality results
from transforming the sum across the A; of the number
of species in each A; into a sum over species of the
number of A; each species is present in. The third and
fourth equalities result from applying the definitions of
W; and R; from above for each species k. Plugging the
last expression for the mean species richness in Eq. (10)
into Eq. (2), we obtain the following expression for the
community-level self-similarity parameter.

_ Ry
Ri_p)

In words, the parameter a; can be obtained from the
ratio of the range size measured at scale i and averaged
across the species to that measured at scale i— 1. We
can convert Eq. (11) into a relationship between a; and
the {0y} by writing the R; for each species in terms of its
;. Solving Eq. (8) for R; we have R; = oR; _ . Apply-
ing this expression repeatedly from scale j =0 to scale
1=1

R, = <n ozj>R0
=1

By substituting Eq. (12) into Eq. (11), we obtain

(11)

a;

(12)
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(1)

where again <) indicates an average over the S, species
present in A,. This relationship between a; and the {o;}
was previously derived by Harte et al. (2001) using the
assumption that species are distributed independently
of one another and the assumption that the distribution
of a species within one A; of an A;_, is independent of
its distribution within the other A;. The derivation here
makes no such assumptions and hence shows that the
relationship in Eq. (13) applies in general.

As originally found in Harte et al. (2001), Eq. (13)
implies that a can be scale independent, or equivalently
the power-law form of the species-area relationship can
hold, if either 1) all of the o’s are scale independent and
equal to a, or 2) there is ‘enough’ scale dependence in
the o; of one or more species. In the latter mode, o can
vary across the species for which it is scale-invariant.
Scale-independent o’s cause a to increase with i, at a
rate that depends on the distribution of the o across
species. By ‘enough’ scale dependence in the o; of one
or more of the species, we simply mean enough to
counteract this increase to give a constant a over the
scale range for which the power-law species-area rela-
tionship holds. How many species are required to have
scale-dependent o; depends on how much o varies
across species with fractal distributions, and the range
of scales over which a must be constant. Table 1 shows
how scale independence of a can arise through this
second mode, scale dependence at the species level, in
some simple, three-species cases. In these cases, scale
dependence in just one of the three species distributions
is enough to yield a scale-independent a, but the range
of scales for which it can yield community-level scale-
invariance depends on how much o differs between the
two fractal species.

To summarize, Harte et al. (2001) showed that the
community-level fractal property can hold only if either
1) the species-level fractal property holds for each spe-
cies with the same fractal dimension D, or 2) there is
‘enough’ divergence from the species-level fractal prop-
erty of one or more of the species distributions. In the
latter case, the fractal dimension can vary across those
species that do exhibit the species-level fractal property
without the community-level fractal property being
broken. Lennon et al. are correct that if each species
distribution is fractal but the fractal dimension D varies
between species, the species-area relationship will not
be a power law (Harte et al. 2001 already showed this).
However, by ignoring the possibility of a ‘community-
level’ fractal that could arise in the absence, or partial
absence, of species-level fractals, they incorrectly con-
cluded from this result that fractals in the distribution
of species are not what produce power-law species-area
relationships in nature. Furthermore, Harte et al.’s, and

(13)
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Table 1. This table shows a set of three-species cases for which scale invariance in one of the three species distributions is
enough to give a scale-independent a. The scale i to which a; is constant with respect to i increases as the difference between the
o of species 1 and theiio]c of species 2 decreases. Species 3’s o; were obtained iteratively at each scale i according to

ai:(SOaif(Sofl)<oc‘>)/ ]_[ocj, where the () indicate an average over all of the other, fractally distributed, species. This

expression can be showi t6 follow from Eq. (13) if just one species exhibits scale dependence. The scale i to which a; can be
made equal to the constant value of a = 0.75 by scale dependence in the distribution of species 3 is the largest i for which species

3’s o; is greater than 0.5, the lower bound of any a.

a=0.75 Case 1 Case 2 Case 3 Case 4 Case 5
Species 1’s o 1.00 0.95 0.90 0.85 0.80
Species 2’s o 0.50 0.55 0.60 0.65 0.70
Scale i to which a;=a 2 3 4 6 13
Species 3’s o

i= 0.75 0.75 0.75 0.75 0.75
2 0.58 0.64 0.69 0.72 0.74
3 0.50 0.62 0.69 0.73
4 0.51 0.66 0.73
5 0.61 0.72
6 0.53 0.71
7 0.70
8 0.67
9 0.68
10 0.66
11 0.63
12 0.52
13 0.52

Lennon et al.’s analyses do not rule out the possibility
that species-level fractals are important in nature. How
prevalent species-level fractals can be in principle is
determined by how much the fractal dimension varies
across species, and by the width of the scale range for
which the power-law species-area relationship holds.

Discussion

Lennon et al. (2002) claimed that, in order to derive the
power-law species-area relationship from fractals in the
distribution of species, Harte et al. (1999a) had to
assume that the distribution of each species is fractal
with the same fractal dimension D. This claim is incor-
rect; Harte et al. (1999a) used a broader ‘community-
level’ fractal property to derive the power-law
species-area relationship. Furthermore, this commu-
nity-level fractal property must be relevant to power-
law species-area relationships observed in nature, since
it must hold in any region where the power-law species-
area relationship holds. Hence ecologists can continue
to turn to fractals in the distribution of species as a
viable theoretical link between power-law species-area
relationships and other power-law phenomena in
ecology.

Note that we do not claim that this community-level
fractal property is equivalent to the form for character-
istics other than the species-area relationship predicted
in Harte and Kinzig (1997) and in Harte et al. (1999a).
In particular, the Harte and Kinzig (1997) prediction
for the endemics-area relationship, and the Harte et al.
(1999a) prediction for the species-abundance distribu-
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tion do not follow from community-level self-similarity
alone, but rather require the extension of the commu-
nity-level self-similarity parameter a to particular non-
randomly selected sub-sets of species occurrences,
which, as mentioned in the first section, it may or may
not describe.

Lennon et al. (2002) re-derived Harte et al.’s (2001)
result that power-law species-area relationships do not
result from species-level fractals if the fractal dimension
varies across species. Lennon et al.’s (2002) analysis of
data for Alaskan trees and British grasses indicates that
fractal dimension tends to vary between species. Al-
though the combination of this empirical evidence, and
Lennon et al.’s (2002, or Harte et al. 2001) theoretical
result, tell us that the species-level fractal property does
not hold for all species in regions that exhibit the
power-law species-area relationship, it does not rule out
the possibility that species-level fractals are important
in nature. Species-level fractals, in addition to the com-
munity-level fractal, may still be useful for making links
with other power-law phenomena in ecology. Lennon et
al. find in their own analyses, and point out in the
literature, empirical evidence of a consistent decrease in
fractal dimension with increasing spatial resolution,
which may indicate departure from species-level frac-
tals. Yet, as Lennon et al. point out, they and others
have not been able to use this evidence to statistically
reject the species-level fractal property (due to complex-
ities of statistical analysis on nested data), and overall
there has been little empirical study of the scaling of
species-level distributions. Furthermore, the fractal
model has performed well in some cases at predicting
abundance (Kunin 1998, Finlayson 1999). Clearly, in
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order to create a truly useful unifying theory of ecolog-
ical power-law phenomena based on the community-
and/or species-level fractal properties, ecologists need
to come to a better empirical understanding of when
(i.e. in what biological circumstances and over what
scale ranges) these fractal properties hold, and when
they don’t.

A few further notes will be useful for the reader’s
deeper understanding of the equivalence between
power-laws and fractal properties discussed in this pa-
per. First, note that ecologists have studied two broad
types of species-area relationships (Rosenzweig 1995):
1) those for patches that are part of a region of
contiguous habitat, often called ‘“mainland” species-
area relationships; and 2) those for patches which are
biologically isolated, often called “island” species-area
relationships. The causes and consequences of these
two types of species-area relationships may differ. We
have shown the equivalence of a community-level frac-
tal property with the power-law form of the first of
these two types of species-area relationships, mainland
species-area relationships. This community-level fractal
property has implications for island species-area rela-
tionships, but equivalence with its power-law form does
not hold. In particular, if the community-level fractal
property defined above holds with the same parameter
a within all of the isolate patches making up an island
species-area curve, and if the species richness at the
small scale where the fractal property breaks down is
the same across isolates, the power-law nature of island
species-area curve follows. However, the existence of a
power-law island species-area curve does not imply that
community-level self-similarity must hold within the
isolate patches.

Second, note that empirical studies suggest that the
relationship between species richness and area has
shape dependence (Kunin 1997, Harte et al. 1999b).
Hence in order to avoid the confounding effects of
shape, one must examine the relationship between spe-
cies richness and area for a set of patches that are all of
the same shape. In defining the fractal properties of
species distributions, we therefore mean for the patches
A, to be similarly shaped. Exact shape preservation at
every scale under bisection is achieved only if the region
A, has a length-to-width ration of \/5, so that repeti-
tive bi-sections perpendicular to the long dimension
yield at each stage rectangles that are identical in shape
to A,. However, for the purposes of showing the equiv-
alence of community-level self-similarity and the power-
law species-area relationship, or of species-level
self-similarity and the power-law range-area relation-
ship, there is nothing special about using bi-sections to
get to smaller sized patches, and hence nothing special
about the shape 1 x \/5 Tri-sections, quadra-sections,
etc. would work equally as well in the proof. Further-
more, one could outline the same proof for the case
where the set of patches chosen at smaller scales do not
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completely cover the larger scale patches. In summary,
the equivalence of the fractal properties and power-laws
discussed in this paper can be shown for patches of any
shape, as long as shape is preserved across the patches.
Third, one might try to argue that we have shown
that the community-level fractal property leads to a
power-law species-area relationship for patches of size
A;, but not necessarily power-law dependence for
patches of the same shape but sized between some A,
and some A;_, (i.e. patches of size A’, where A; < A’ <
A;_ ). Two arguments indicate greater generality. First
and more simply, if the community-level self-similarity
property holds within a region of size A, it seems likely
that it will also hold, with the same parameter a, in a
slightly smaller region, Ay, sized such that patches of
size A’ can be obtained from it by bi-sections, or
tri-sections, or some other division consistent with the
division of A,. Second, the degree to which the mean
number of species in patches of size A’, S(A’), can vary
from the power law when S; = cA? holds is constrained
to be small by the fact that mean species richness must
monotonically increase with area for nested areas. Sim-
ilar arguments could be made at the species-level.
Last, in calling the distribution of species “fractal” if
the self-similarity parameter is constant with scale, we
have used a broad definition of a fractal, namely that a
fractal is an object which is self-similar. According to
Addison (1997), Mandelbrot used this definition to
replace a stricter definition that he initially proposed
but later retracted. This stricter definition is that a
fractal is an object whose fractal dimension is larger
than its topological dimension. In simple terms, the
topological dimension is the integer dimension one
intuitively assigns to objects — 0 for a set of points, 1
for a line, 2 for a square, etc. The existence of a
power-law species-area relationship also implies that
the distribution of species is fractal in this stricter sense.
Hastings and Sugihara (1993) showed that the fractal
dimension of the set of points marking the location at
which new species are discovered as one moves radially
outward is 2z if the power-law species-area relationship
holds. This is larger than the topological dimension of
this object, which is 0 because it is simply a set of
points. Similarly, the fractal dimension of the set of
points representing the spatial location of the individu-
als of a single species is 2(1 —y’) if the power-law
range-area relationship holds, where y’ is the range-area
exponent in Eq. (9). This fractal dimension is also
greater than the distribution’s topological dimension of
0, and hence the species-level distribution satisfies this
more stringent definition of fractal if the power-law
range-area relationship holds. These are primarily
mathematical fine points, however. The property we
think is more useful for thinking intuitively about the
spatial distribution of species, and for deriving the
expected form of other characteristics of this distribu-
tion, is not the fractal dimension, but rather the scale-
invariance of the self-similarity parameters a and o.
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